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Optimal Takeoff Trajectories of a Heavily Loaded Helicopter
FREDRIC H. SCHMITZ*

Department of the Army, Ames Research Center, Moffett Field, Calif.

Optimal control theory has been applied to the STOL takeoff of a heavily loaded helicopter.
The object of the analysis was to determine constrained and unconstrained extremal trajec-
tories that maximize the terminal vertical distance for a given fixed horizontal distance. The
resulting optimal trajectory consists of an initial acceleration segment followed by a deceler-
ating segment in which most of the terminal altitude is gained. If the problem was con-
strained to nondecelerating flight, the resulting optimum consisted of a maximum accelera-
tion segment followed by a constant velocity climbout segment. The slightly decreased per-
formance of the constrained optimum was more than offset by its ease of implementation.

Nomenclature

A — area of rotor disc
Ci-s = momentum theory expansion coefficients
CPL = power loss
eg = helicopter center of gravity
/ = wetted drag area of HLD helicopter
/o = the derivative of the payoff function with respect to

time
g = acceleration of gravity
HLD = heavily loaded
hg = vertical distance measured from the ground plane
J = payoff function
m = mass of the helicopter
Pd = power difference in steady level flight
R = radius of rotor
R/C = rate of climb
ST = reference distance
T = thrust
t = time
Vio = induced velocity
V = velocity of the helicopter
Vm = smallest velocity where equilibrium flight of the heli-

copter out of ground effect is possible
Vr = reference velocity: induced velocity at hover out of

ground effect
Vsi = static best climb angle speed
Vs2, — static best rate of climb speed
W = weight
xg = horizontal distance measured on the ground plane
Z = vertical height of the rotor above the ground plane
CLTP = angle of attack of the rotor tip path plane
/3 = dy/dt = control variable
rj = dV/dt = control variable
7 = flight path angle
dvio = effective reduction of induced velocity of the rotor due

to ground effect
\H = inflow through the rotor plane nondimensionalized by

SIR
TT - 3.1416
p = density of air
T = nondimensional time
ft = rotational frequency of the helicopter rotor
— = nondimensional quantity
d — partial derivative
d = total derivative
( ) = is a function of

Subscripts
f
g

= final
= ground axis system; inclusion of ground effect in

vehicle performance equations
= initial
-•• reference trajectory
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Introduction

THE increasing mobility requirements of the United
States Army in the 1960's created a place for the helicopter

as a close support aircraft. Its hovering capability has al-
lowed the helicopter to be used as a "flying truck" by lifting
men and supplies to and from unprepared landing sites.
In many cases, the helicopter is the only available means of
evacuating injured or surrounded troops from a hostile area.
In these difficult and frequently occurring situations, ob-
taining maximum pilot-vehicle performance during takeoff
may be the difference between mission failure or success.

By design, the helicopter is capable of lifting, out-of-ground
effect, its normal operating payload under standard atmo-
spheric conditions. This vertical takeoff capability is very
seldom used as a piloting technique because of safety con-
siderations. It is sensible to accelerate to some forward
speed before climbing, in case of engine failure. If the engine
does fail in a single-engine helicopter at forward speed, some
of the kinetic energy of translation may be used to perform
the landing fare associated with autorotative flight.

In many operational situations, geographical factors and
mission requirements force the helicopter to operate far from
its design conditions. Hot days, high altitudes, and heavy
payloads often degrade the performance of the helicopter to
the point where hovering out-of-ground effect is not pos-
sible. In these heavily loaded (HLD) conditions, hovering
flight in ground effect may still be feasible. However, very
little excess power is available to accelerate the helicopter to
sufficient translational velocity where climbing flight out-of-
ground effect can be maintained. Under these operating
conditions, the HLD helicopter must perform a STOL take-
off.

If the horizontal takeoff distance of this HLD helicopter is
constrained by the operating environment (Fig. 1), it may be
necessary to obtain the optimum pilot-vehicle performance
during takeoff. This type of operational situation is fre-
quently encountered in Vietnam, A rescue helicopter is
dispatched to a remote landing area to evacuate troops in a
hostile area. The tropical climate and operating altitude
limit the rescue helicopter's performance. During the rescue
operation, the payload of the helicopter is increased and the
helicopter often becomes heavily loaded. Taking off under
these conditions in a confined area quickly became the mark
of a "good pilot." In fact, it is understood among veteran
pilots that some pilots are better than others at performing
this tricky and difficult maneuver.

In this paper, the maximum performance takeoff of a
heavily loaded helicopter is investigated. The objective of
the analysis was to understand the important performance
parameters of the problem and to devise a simplified near-
optimal takeoff technique which could be instrumented to
improve the pilot-vehicle performance. It was understood
at the outset that some pilots were very proficient at this
takeoff task and that they would probably derive very little
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Fig. 1 Aerial view of the operational environment often
encountered under heavily loaded conditions.

from this effort. However, most of the helicopter pilots
who were consulted did consider some type of instrumenta-
tion or display aid desirable and helpful. Any simple in-
strumentation to measure and improve takeoff performance
under these severe circumstances was welcomed.

The theoretical maximum performance HLD helicopter
takeoff problem is illustrated in Fig. 2. Simply stated, the
objective of the theoretical analysis is to determine the ex-
tremal trajectory of an HLD helicopter which maximizes
the terminal vertical distance (ha) for a given fixed horizontal
takeoff distance (xg). By optimizing the vertical height at the
terminal horizontal distance, the safety margin shown in
Fig. 2 is maximized, thus reducing the risk of colliding with
the obstacle.

Optimal control theory is a tool which has been used to
theoretically investigate this dynamic maneuver. Emphasis
has been placed upon understanding the performance trade-
offs associated with constrained and unconstrained mathe-
matically optimal solutions. Many of the theoretical details
of the interaction of optimal control theory with the dynamic
model building process have been omitted from this paper.
The interested reader is asked to consult Ref. 1 for a more
rigorous presentation of the mathematics.

Performance Equations

The dynamic performance of a HLD helicopter operating
in ground effect can be described mathematically by the
simple power balance equation given below. A complete
derivation of this equation is

Pda
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presented in Ref. 1. It has been assumed in this problem
that the HLD helicopter does not make contact with the
ground plane. It may be argued that helicopter performance
may be increased by allowing a ground contact segment.
However, maintaining ground contact in rough terrain is

difficult and dangerous with heavy payloads. For this rea-
son, this type of maximum performance takeoff has not been
allowed (Ref. 2).

Equation (1) describes the dynamic tradeoffs which are
possible. It should be noted that this equation is singular at
V = 0. This problem arises because the basic wind axis sys-
tem is ill-defined. However, at near zero forward speeds, a
constant acceleration segment is a good approximation to
helicopter performance. Therefore, it has been assumed that
all HLD helicopter takeoffs are initiated with a constant ac-
celeration segment. When V > 0.5, the given performance
equation is valid.
_The first term in Eq. (1) is the power difference available

(Pdav). It is composed of two parts, a power input term and a
power loss term. During a maximum performance takeoff,
all available shaft horsepower is delivered to the helicopter
rotor system. Assuming that the rotor rpm does not vary,
this maximum power input term is represented by the con-
stant Pav. The sum of rotor profile power, tail anti-torque
power, and engine installation power losses is represented by
the power loss term CPL. For simplicity, it has been assumed
that the variations of CPL with forward velocity and inflow
angle of the tip-path-plane can be neglected. The net power
difference available term (Pdav) is now defined as the dif-
ference between the Pav and the CPL. This quantity is non-
dimensionalized by the induced power in hover yielding

Pdav ~ (Pav - CPL)/WVr (2)
The amount of power necessary to maintain a rotor in

equilibrium flight at various forward velocities is theoreti-
cally obtained by applying simple momentum theory to the
rotor tip path plane. Assuming also that the disk itself is at
zero angle of attack to the velocity vector of the vehicle, an
explicit expression for nondimensionalized induced power
(vio) is obtained:

Physically, this term is analogous to an airplane's induced
power loss.

The parasite drag of a helicopter can be represented by an
equivalent flat plate drag area times the dynamic pressure.
The nondimensionalized power required to drag this flat
plate through the air at a given velocity is given by the term

In Fig. 3, the parasite drag, induced and Pdav power terms
are presented in nondimensionalized form for the single rotor
helicopter chosen in Appendix A.

A rotor operating near the ground plane experiences an
effective rise in the power available in hover and at slow for-
ward speeds. This effective rise in the power available re-
sults when the downwash impinges upon the ground plane,
creating an "air-cushion effect." Pilots speak of leaving the
influence of ground effect as forward flight is attained as
"flying off the bubble." The term dvw, which is plotted in
Fig. 4, represents this effective increase in power available
with height above the ground and forward velocity of the
vehicle as the major parameters. It is discussed in detail in
Refs. 3 and 4.

The total power available in level steady-state flight is ob-
tained by adding all of the power source terms and subtract-
ing all of the power loss terms. The expression for this power

TsAFETY MARGIN

Fig. 2 An illustration of the optimal takeoff trajectory of
an HLD helicopter.
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Fig. 3 Basic helicopter power terms vs velocity.

difference becomes

fda(Vy hg) = [Pdav - viQ + 5vio] -
(4)

In Fig. 5, this power difference expression is plotted at
three different rotor heights above the ground. At small
Z/R, some excess power is available to begin the maximum
performance takeoff.

The remaining term on the left side of the basic power
balance equation [Eq. (1)] represents the amount of addi-
tional power that is necessary to maintain steady-state climb-
ing flight out-of-ground effect. It is mathematically ex-
pressed as

The terms on the right-hand side of Eq. (1) determine the
amount of power that is required to perform dynamic maneu-
vers. The first term,

is a measure of the power increment necessary to accelerate
the helicopter tangentially along the flight path. The re-
maining two terms on the right-hand side of Eq. (1) measure
the amount of power required to curve the flight path, f

The factor

which appears with the parasite drag, climb, and tangential
acceleration terms in Eq. (1), is a measure of the increase in
inflow through the rotor due to changes in the rotor tip-
path-plane angle of attack. The angle of attack change is
required to achieve a longitudinal force balance equilibrium.
The net effect is to reduce the power required in some low-
speed maneuvers.

For convenience in interpretation, Eq. (1) may be multi-
plied by the quantity

A new power difference expression (Pd0
f) which implicitly

includes the tip-path-plane angle-of-attack effects is defined
as

Pdg'(VM = [V/(b\H7^Tp)\r]Pdo(VM (5)

This expression is plotted in Fig. 6 as a function of rotor
height above the ground plane and forward velocity. This
new definition allows the dynamic optimization problem to be
approached from the classical static helicopter performance
problem. Using this definition and the preceding manipu-
lations, Eq. (1) becomes

V ~^Tr

(6)

f It is desirable to retain the flight path curvature terms to
second-order in the power balance equation to avoid singular
optimization problems. This topic is discussed at length in Ref. 1.

2 3
NONDIMENSIONAL VELOCITY

Fig. 4 Effective increase in helicopter power due tp
ground proximity vs velocity.

Static helicopter performance out-of-ground effect occurs
when dV/dr ss dj/dr =3 0, and ha becomes large.

Equation (6) then becomes

Pd'(V) = Vy (7)

A plot of Pdg'(V,hg -> large) == Pd'(V) is presented in
Fig. 7. The velocity at which the best steady-state out-of-
ground effect rate of climb is achieved (Ts2) is located by
finding the point where the power difference function [Pd'(V) ]
reaches a maximum. The best rate of climb is then given by
Eq. (7).

To determine the velocity where the best steady-state
climb angle is achieved, a straight line through the origin of
the plot of Pd* vs V is constructed such that it becomes tan-
gent to the Pd' curve. The point of tangency locates the
velocity at_which the maximum steady-state climb angle is
achieved (Vsi). The resulting climb angle is found from
Eq. (7).

Optimal Takeoff Problem Formulation
(Unconstrained)

An illustration of the maximum dynamic performance
problem which is considered in this paper is presented in Fig.
2. The objective of the analysis is to determine the extremal
trajectory that maximizes the terminal vertical distance
(hg) for a given fixed horizontal takeoff distance (xg). Assum-
ing that the flight path angles considered are small, this
problem is mathematically formulated in modern control
theory notation as follows:
Maximize

(8)

subject to the mathematical performance equations

dV/dr = Pdg'(V,hg)/V - y - {[Ci + viQ - dvi0] X
i*\ >

V(Vr/g)p + - (9)

2 3
NONDIMENSIONAL VELOCITY

Fig. 5 Power difference curves of a helicopter operating in
ground effect at constant altitudes vs velocity without

rotor plane linear angle of attack effects.
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2 3
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Fig. 6 Power difference curves of a helicopter operating in
ground effect.

dy/dr = (Vr/g)0
dz,/dT = V

(10)

(H)
The mathematical control of this system of equations is

chosen to be jft, the rate of change of the flight path angle with
respect to real time. The change in the flight path angle with
respect to nondimensional time r is given by Eq. (10). The
last performance equation given relates the tangential veloc-
ity of the helicopter to the horizontal distance in the chosen
ground-based axis system.

Because these performance equations are singular at V = 0,
a constant 0.2 g acceleration segment at constant skid height
above the ground plane has been assumed until V = 0.5.
This first takeoff segment (H/l) has a distance parallel to
the ground of xg\ = 1.25 (xg\ — 60.4 ft).

Furthermore, the HLD helicopter considered in this
analysis cannot maintain steady-state flight out-of-ground
effect until Vm = 0.7. Therefore, it is unnecessary to start an
optimization problem until this velocity is attained. If all
of the available power is used to accelerate the aircraft to this
critical velocity from the end of the first segment, an addi-
tional distance parallel to the ground of x02 = 0.48 (xg2 =
23.2 ft) is accumulated.

The total distance parallel to the ground plane, which is
flown by the helicopter before the maximum performance
trajectory may be initiated, is the sum of these two restricted
segments. For the helicopter considered in this analysis,
Xgi + Xgt = 1.73 (xgi + x02 = 83.6 ft).

The interesting optimization problem really begins at the
initial conditions V* = 0.7, 7* = 0, xgi = 1.73, and hgi =
0.04 (hg ~ 2 ft). This last segment of the problem where
dynamic performance tradeoffs are possible is called segment
H-3. The terminal conditions are chosen to be V/ = 0.7,
y/ = free, and Xg/ = 11.73.

Near the terminal horizontal distance, additional altitude
can be gained by allowing the helicopter to trade kinetic for
potential energy. By specifying the terminal condition on
velocity to be the smallest velocity for level equilibrium flight
out-of-ground effect, the helicopter is prevented from entering
unsafe regions of state space.

2 3
NONDIMENSIONAL VELOCITY

100
VELOCITY, ft/sec

-.20

1.20

1.00

.40

Fig. 7 Power difference curve of an HLD helicopter
operating out-of-ground effect vs velocity.

Fig. 8 HLD helicopter; flight path rate and velocity vs
horizontal distance.

If the Hamiltonian of the problem formulation is de-
veloped1 and the necessary conditions for a local extremum are
applied, a nonlinear two-point boundary value problem re-
sults. The inclusion of the second-order term in the power
equation due to flight path curvature has insured that the re-
sulting boundary value problem is nonsingular. However,
because the change in power due to a change in thrust has
only been retained to first order, the performance equation can
rigorously be considered to be valid to first order only. The
reason for retaining the second-order term is that the uncon-
strained singular boundary value problem which would arise
if the flight path curvature had been retained to first order was
numerically unsolvable at this time.1

Solution Using a Modified
Gradient Projection Algorithm

To solve the atmospheric trajectory optimization problem
presented, a nonsingular two-point boundary value problem
must be solved. The technique that was used with con-
siderable success was a modified gradient projection algo-
rithm. Appendix XIII in Ref. 1 discusses some of the useful
modifications that were added to the gradient projection
programs presented in Refs. 5-7 which were necessary to ar-
rive at the solutions presented.

At first, the digital computer solutions for the HLD heli-
copter supported solely by aerodynamic forces passed
through the ground plane. This initial dive increased the
acceleration capability of the helicopter permitting unrealis-
tic but mathematically optimal trajectories to be determined.
A state space altitude inequality constraint was enforced
limiting the helicopter to operation at or above its initial
hovering height (hgi = 0.04).

The numerical procedure used to enforce the constraint
was suggested in Ref. 8. The maximum performance seg-
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Fig. 9 HLD helicopter; flight-path angle and vertical dis-
tance vs horizontal distance.

ment was further segmented into two subphases, a constrained
and unconstrained segment. Both subphases were joined to
meet the system boundary conditions resulting from the en-
forcement of the altitude state space inequality constraint.
The procedure is discussed in detail in Ref. 1.

The extremal control and resulting trajectory for the maxi-
mum performance segment of the HLD helicopter are shown
in Figs. 8 and 9. The helicopter accelerates initially at con-
stant height above the ground plane to achieve higher values
of level steady-state power difference {Pda

f} and to accumu-
late translational kinetic energy. Slightly before half of the
total phase H-3 distance is attained, the helicopter begins to
decelerate. This deceleration maneuver is maintained
throughout most of the remaining phase H-3 distance. Most
of the altitude that is gained by the helicopter is attained
during this deceleration when kinetic energy is being ex-
changed for potential energy. To satisfy the specified ter-
minal condition on velocity, a negatively curving traj ectory is
performed near the final time. The additional excess power
resulting from this maneuver enables the helicopter to ac-
celerate to the specified terminal velocity.

In the problems treated in this paper, the horizontal dis-
tances considered did not allow a maximum steady-state
climbing segment to appear. However, as the specified
horizontal distance is increased, such a segment is asymp-
totically approached. In Ref. 1, a simplified modeling tech-
nique is presented which highlights this observation.

By obtaining a number of extremal dynamic trajectories at
chosen values of fixed horizontal distance, a plot of optimum
altitudes (hgf*) vs the chosen horizontal distance
can be obtained (see Fig. 10).

^
^ " /-
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* < & ' / /
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gTOTAL

OPTIMAL SWITCHING
VELOCITIES \

Fig. 11 Locus of extremal altitudes and optimal switching
velocities vs nondimensional horizontal distance.

The takeoff distance needed to clear an obstacle of a fixed
height can easily be read off this graph. To clear a 50-ft
obstacle with a safety margin of zero, a total takeoff dis-
tance of 410 ft is needed (%TOTAL = 8.49) for the helicopter
model given in Appendix A.

Optimal Takeoff Trajectories with a
Nondecelerating Constraint

Although the final unconstrained extremal trajectory of the
dynamic helicopter model is physically realizable, it would
take a very proficient pilot to fly the resulting trajectory.
If too much kinetic energy is traded for potential energy too
soon during the deceleration portion of the trajectory, the
pilot would find himself in danger. His reduced speed would
preclude his obtaining maximum performance. Because the
net power excess is very sensitive to small changes in velocity
at low forward speeds, maintaining horizontal flight below
Vm is impossible. His only recourse would be to decelerate to
zero velocity (if there was enough horizontal distance left),
come to hover near the terminal point, and try again.

I——o

H-l H-2

Fig. 10 Locus of extremal trajectories of the skid height of
an HLD helicopter constrained to fly above the ground

plane vs horizontal distance.
Fig. 12 Optimal acceleration and velocity histories vs

nondimensional horizontal distance.
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Fig. 13 Optimal flight path angle and altitude histories
vs nondimensional horizontal distance.

A class of problems which would be much easier to fly
would consist of only optimal nondecelerating trajectories.
Because the class of solutions has been restricted a priori,
some takeoff performance must be sacrificed. However, be-
cause these restricted trajectories are easier to fly, they may be
operationally more useful. Less experienced pilots should be
able to fly the constrained optimal trajectories with very
little practice.

A slightly different formulation of the takeoff optimization
problem is needed to allow the nondecelerating constraint to
be easily enforced. The mathematical control of this new
problem formulation is chosen to be

dV/dt == if] (acceleration control)

Therefore, nondecelerating trajectories are bounded from
below by the control constraint that

77 > 0 (12)
To simplify the mathematics, the second-order flight path

curvature in the performance equation [Eq. (6) ] is neglected.
The resulting performance equation becomes

dV
-^ = TT

If the following definition is introduced
OOtTP

dy

,} (14)
the resulting performance equation becomes

• - 7 = (dV/dr) + D(VM(dy/dr) (15)

Fig. 15 Obtainable height as a function of velocity for a
given takeoff distance.

This equation, like Eq. (6), describes dynamic helicopter
performance to first order (see Ref. 1).

The modern control theory formulation of the constrained
takeoff problem becomes:
Maximize

-f: Vydr

subject to the mathematical performance equations

dV/dr = (Vr/g)r,

dy/dr = l/[D(VM]{Pdg'(VM/V - 7 -

dxg/dr = V .

(8)

(16)
(17)

(11)
The initial conditions of this new problem formulation are

identical to the preceding case. However, the terminal con-
dition on velocity does not have to be enforced. The non-
decelerating constraint insures that the helicopter is always
operating in safe regions of state space. The initial and ter-
minal conditions become :
initial conditions

y. = 0.7, 7i = 0, xai = 1.73, hai = 0.04 (hg « 2 ft)

terminal conditions

Vf = free, yf = free, xof = 11.73

The necessary conditions for a local extremum of this re-
stricted problem formulation are presented in Ref. 9. Because
the mathematical control TI appears linearly, the optimal con-
trol is of a "bang-bang" nature. However, the possibility of
having singular arcs appear in the resulting two-point bound-
ary value problem also exists. This possibility is explored in
Ref. 9 where it is shown that along the singular candidate seg-
ments, the helicopter control becomes

77 < 0 (18)

Fig. 14 Locus of extremal heights vs horizontal distances.

However, the maximum principle has allowed as candi-
dates for the solution only those trajectories that obey Eq.
(12). The conclusion is that only the singular solution
f] = 0 is a possible candidate segment. However, this singu-
lar control is identical to the lower control bound already
specified. This result simplifies the solution of the resulting
two-point boundary value problem tremendously. The
singular solution candidates are now identical to the lower
control limited candidates. The optimal control consists of a
pure bang-bang control [17 = r^max or 77 = 0].

The upper control bound is governed by the implicit con-
straint that diving flight is prohibited in the analysis. Thus,
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if y '= 0, dy/dr must equal zero. The resulting upper bound
becomes

17™* = (g/Vr)Pdo'(VM/V (19)

when 7 = 0.
In all of the problems treated in this paper, the mathemat-

ical control has exhibited only one switch [from 77 = rjmax
to rj = 0]. Therefore, a simple graphical procedure suggested
in Ref. 8 can be used to find the constrained optimal trajec-
tory that meets the given boundary conditions of the problem.
This procedure is illustrated in Fig. 11 for the helicopter de-
scribed in Appendix A.

In essence, the boundary value problem is flooded with all
possible combinations of allowed control time histories.
Specifically, the maximum acceleration segment [Eq. (19)]
is integrated until a chosen switching velocity (Fswitch) is
attained. At this point, the control 77 is set equal to zero, the
remaining part of the trajectory is calculated, and the results
are drawn upon the hg vs xg plot shown (Fig. 11). The process
is repeated a number of times with switching velocities that
are less than the velocity at which the best out-of-ground ef-
fect climb is achieved. The envelope of the resulting curves
then becomes the locus of the optimal altitudes for any given
horizontal distance. The optimal switching velocities for the
locus of optimal trajectories is also illustrated in Fig. 11.

For a horizontal distance of ^TOTAL = 11.73, the optimal
control and resulting trajectory are illustrated in Figs. 12 and
13. At first, the helicopter accelerates at constant height to
gain velocity. As its velocity increases, larger values of ex-
cess power become available. The second segment of the opti-
mal trajectory begins when the helicopter attains the optimal
switching velocity that corresponds to a total horizontal dis-
tance of xg = 11.73. The vehicle then maintains a constant
velocity using all of its excess power available to rotate and
climb over the obstacle.

The optimal nondecelerating trajectory, as illustrated in
Figs. 12 and 13, is relatively simple to fly. However, some
takeoff performance has been sacrificed for increased simplic-
ity. Just how much can be seen in Fig. 14, where the locus of
extremal altitudes (hgf*) vs horizontal distance (^TOTAL) for
the unconstrained and constrained trajectories is illustrated.
For obstacles of about 50 ft in height, the optimal nonde-
celerating trajectories require about a 10% increase in field
takeoff length.

Another important consideration to bear in mind when
evaluating takeoff performance, is the sensitivity of the
optimal performance to nonoptimal deviations in control.
Such a situation may exist if the pilot attains his constant
velocity climbout segment too early or too late. His nonopti-
mal performance is plotted vs switching velocity for one field
length (xg = 11.73) in Fig. 15. It can be seen from this figure
that at constant velocity climbouts at velocities less than the
optimal climbout velocity, performance deteriorates rapidly.
At velocities higher than the optimal, performance also de-
teriorates. However, in an operational situation, the pilot has
the option of trading some of this excess velocity for potential
energy at will. The net effect is to reduce the sensitivity of
the optimal nondecelerating solutions to higher than optimum
switching velocity variations.

Conclusions

The major results of this paper may be highlighted by com-
paring the advantages and disadvantages of both of the take-
off techniques presented.

The unconstrained optimal takeoff technique begins with
a maximum acceleration segment where the helicopter flies
parallel to, but off the ground plane. Close proximity to the
ground plane is maintained to take advantage of the apparent
power gain due to ground effect. This maximum acceleration
segment is followed by a climbing and accelerating segment
followed in turn by a climb and deceleration segment. In the

last phase of the takeoff maneuver, the helicopter accelerates
and decreases its rate of climb to meet the terminal condition
on velocity. Most of the altitude gained during this dynamic
maneuver is gained during the deceleration segment.

The major advantage of the optimal unconstrained takeoff
technique is that best system performance is achieved. For a
given horizontal distance, maximum vertical height is at-
tained. Or, for a given obstacle height, the shortest takeoff
distance is required. The major disadvantage of the tech-
nique is that an extreme degree of piloting skill is required to
fly the optimal trajectory. Perhaps a flight director which
combines an accurate measurement of vehicle velocity and
excess power in a dynamic situation display would be of use
to the pilot. If this type of situation display were available,
significant increases in takeoff performance could be expected
by use of the optimal takeoff technique.

The major advantage of the optimal nondecelerating tra-
jectories is their simplicity. The optimal control policy is
basically independent of the problem's boundary conditions.
It consists of a bang-bang control with only one switch. Fur-
thermore, all accelerating flight is done horizontally near the
ground plane up to a relatively safe speed in case of engine
failure. The helicopter then performs a constant velocity
climbout until the obstacle is cleared. The major disadvan-
tage of this takeoff technique is that some takeoff performance
is sacrificed to enforce the nondeceleration constraint.

Appendix A: Performance Characteristics of the
HLD Helicopter

The performance characteristics of the HLD helicopter
used in this paper are presented below. The model closely
resembles the UH1-B helicopter

A = 1400 ft; W = 9000 Ib
P = 2.07-10-3 slug/ft3(at 2000 ft, 90°F)

Pav = 820 hp (at 2000 ft, 90°F)
/ = 15 ft2; //4A - 0.002678

CPL = 30% Pav = 246 hp
Vr = (W/2PA)l/2 = 39.4 fps

Sr = Vr
2/g = 48.3 ft; Pdav = 0.8902; Pr = 644.7 hp
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